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We present new solutions of warped compactifications in the higher-dimensional gravity coupled 
to the scalar and the form field strengths. These solutions are constructed in the D-dimensional 
spacetime with matter fields, with the internal space that has a finite volume. Our solutions give 
explicit examples where the cosmological constant or 0-form field strength leads to a de Sitter 
spacetime in arbitrary dimensions. 
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We present exact solutions of warped de Sitter com- 
pactifications in the scalar-tensor theory coupled to the 
form field strength. We show that certain coupling con- 
stants and the warped structure SHii allow accelerat- 
ing expansion of our Universe [7H10j in arbitrary dimen- 
sions. In the higher-dimensional gravity theory, time- 
dependence of the hyperbolic compact internal space 
yields an accelerating universe in the four-dimensional 
Einstein frame without the warped structure 



llL Then, 



more general accelerating solutions without warping in 
the context of higher-dimensional theory have been stud- 
ied extensively in [lll - flfjj . A (warped) compactification 
to de Sitter or accelerating universe has also been in- 
voked as models not only in higher-dimensional gravity 
but also in supergravity and string theory 0, fl7l - 24 1 . In 
many of these applications the solutions of the de Sitter 
spacetime with a warped compactification are evaluated 
at appropriate values of their parameters. At present 
several warped solutions which give the four-dimensional 
de Sitter spacetime have been reported recently in 0, Q 
where one of the internal dimensions is noncompact, but 
de Sitter compactification with a compact internal space 
has been explored much less extensively (see e.g., [l| for 
the arguments on general properties of the warped de Sit- 
ter compactification). The main purpose of the present 
work is to present an explicit example of such warped de 
Sitter compactification just as the starting point for the 
research in this direction, though the solution presented 
in this Letter still may not be suitable for the realistic 
cosmological models. 

Without relying on an infinite volume of extra dimen- 
sions, we can directly deduce a known construction of 
the de Sitter compactification in the framework of the 
higher-dimensional gravity theory. The strategy to find 
solutions basically follows one used in @ . 

We also assume the same metric ansatz in [(|, except 
for the replacement of the noncompact direction with 
that of S 1 . As we will see, our relatively simple ansatz, 
however, will give us much information to reveal the es- 
sential properties of the warped de Sitter compactifica- 
tion. 

In the following, we construct the de Sitter compacti- 



fications in the /^-dimensional theory. Our construction 
is analogous to a previous approach to warped compact- 
ifications [H, 0. The starting point of the construction 
is that the internal space can be expressed as a compact 
manifold. In the first model, we introduce the cosmo- 
logical constant and matter fields such as the scalar and 
gauge fields while keeping the scalar coupling constant 
labeling the fields fixed. This framework will give us 
the easiest framework for describing the de Sitter space- 
time, compact internal space and their generalizations. 
In the second model, because of the presence of 0-form 
field strength the cosmological constant may be taken to 
be negative (see e.g., [H for the general arguments). This 
second solution is related to the massive theory which 
has been discussed with different coupling constant in 
[25l l2fjj . The construction of compactification in terms of 
higher-dimensional theory can be carried through the so- 
lutions of the Einstein equations, leading to descriptions 
based on compact internal space in various dimensions, 
as we explain in details. 

Let us consider a gravitational theory with the metric 
9m N, the scalar field 0, the cosmological constant A, and 
the antisymmetric tensor field of rank pj . The action 
which we consider is given by 



S 



2k 2 



(R - 2c Q ^A) * 1 — —d(j) A *c 



(i) 



where k 2 is the £>-dimensional gravitational constant, 
and * is the Hodge operator in the D-dimcnsional space- 
time, -F( PJ ) is the pj-form field strength, and a, evj are 
constants. 

The D-dimcnsional action Eq. (|T|) gives the field equa- 
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tions: 



Rain = -^dM<f)d N <j) 



D-2 



2-pil 



Pi ( f {pi) 



MN 



9MN 



Pi - 1 
D-2 



9MnF^ 



d[e a <* *F (pi) ]=0, 
d*d(j>- 2ae Q<#, A * 1 - ^ 



(2a) 
(2b) 



a I e a " t > 
2-pi\ 



F ( PI ) A * F (P!) = ° ; ( 2C ) 



where \ IN is defined by F, 



To solve the field equations, wc assume that the D- 
dimensional metric takes the form 



ds z 



'q^{X)dx^dx v + u l3 (Y)dtfdy3] , (3) 



where q^(X) is the n-dimensional external spacetime 
metric which depends only on the n-dimensional coor- 
dinates x^ , and Uij(Y) is the (D — n)-dimensional in- 
ternal space metric which depends only on the {D — Tri- 
dimensional coordinates y % , the function A(y) depends 
only on the coordinates y % . We assume that Y is a smooth 
and compact internal manifold. 

As the first model, we consider a scalar field and field 
strengths F( n ) and -F(.d_„) which have nonvanishing com- 
ponents only along the X and Y directions, respectively. 
The scalar field <j> and the gauge field strengths are as- 
sumed to be 



<t> = —A, 
a 

F (n) = Aft(X) 



Ft 



(D-n) 



/ 2 e 



{D-2)A(y) 



n(Y), 



(4a) 
(4b) 
(4c) 



where /i and fa are constants, and f2(X), f2(Y) denote 
the volume n-, (D — n)-form, 

fi(X) = v^qdx A ■ ■ ■ A dx 11 - 1 , (5a) 
fi(Y) = \fudy 1 A ■ ■ ■ A dy D ~ n . (5b) 

Here, q and u are the determinants of the metric q^ v and 
Uij, respectively. In the following, we assume that the 
parameters a(„), are given by 

a(n) = -"(D-n) = -a(n - 1) . (6) 

Let us first consider the Einstein Eqs. (f2a|) . Using the 
assumptions <j3j) and (|4]), the Einstein equations are given 
by 



-fiW(x) - q^v 



p 



K 



2{D-2) 2 



f 



0, 



(7a) 



RijOO - (D - 2)DiDjA 



D-2 k ) d l Ad j A 

a 2 1 



P 



K 



2(D 



0, 



where f 2 = ff + /|, and Di is the covariant derivatives 
with respect to the metric u^ , and Ay is the Laplace 
operator on the space of Y and R^ v (X) and Rij (Y) are 
the Ricci tensors of the metrics q^ and Ujj , respectively, 
and P, K are defined as 

P = /\ Y A+{D-2)u ij d i Ad j A, (8a) 
K = 4A + (n - l)/ 2 . (8b) 

Next we consider the gauge field. Under the assump- 
tions Eq. (|4b[) and Eq. (|4"c)) , the Bianchi identities and the 
equations of motion for the gauge fields are automatically 
satisfied. Substituting Eqs. ((3]) and (g]) into Eq. (J2cj), the 
scalar field equation gives 



P + = . 
4 



Now we set 



D-2 



(9) 



(10) 



where c is constant. In terms of Eq. ^ and Eq. (fTDj) . the 
field equations reduce to 



(lla) 



RijOO -(D- 2)DiDjA + ( D - 2 - -j ) d z AdjA 



+ -Kiiij = 0, 
P+ - ( t^-t + c 



4 \D-2 
If c and A satisfy 



/ 2 + -[4A+(n-l)/ 2 ] <0, 



(lib) 
(11c) 

(12) 



the solution leads to an accelerating expansion of the n- 
dimensional spacetime. 

Next we consider the Eqs. (|7b|) and (|llc[) . We assume 
that the (D — n)-dimensional metric u^j is given by 

ds 2 (Y) = u ij (Y)dy i dy j 

= bld9 2 + w mn (Z)dz m dz n , (13) 

where bo is a constant with the dimension of the length 
and w mn (Z) is the metric of (D — n — l)-dimcnsional 
compact Einstein space depending on the coordinates z m . 
Using the metric ([T3]l. the Eqs. f7b| and © give 



c 

#mn(Z) + -Kw mn {Z) = , 



-K = 0. 



(7b) b- 2 [A" + (D-2)(A') 2 ]+ 7 



4 V D - 2 



(14a) 
(14b) 



c K = 0,(14c) 
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where ' denotes the ordinary derivative with respect to 
the coordinate 9 . Upon setting 



D - 1 



(15) 



we find 



A{9) = 



1 



D - 2 
+b 2 



In 



/4A + (n - l)/ 2 
2(£>-l) 



(16) 



where (7 = 0,1,2) arc constants. Hence, the metric 
of the Z?-dimcnsional spacetime can be written as 



ds 2 



A 2 



cos 



'4A+ (n- l)/ 2 



, 2/(D-2) 



(M + &l) 



2(£>-l) 

x [^(XJda^daf" + bgdfl 2 + w mn (Z)dz m dz n ] , (17) 



where A = e &2 and ao are constants . We have obtained 
the de Sitter spacetime in a warped compactification, un- 
der the general assumption that both the field strengths 
along the X spacetime and the Y space have nonvanish- 
ing values. But, the field equations tell that Ricci tensor 
on X can take the positive sign, even if either the field 
strength along the X spacetime or that along the Y space 
is vanishing. 

We can rewrite the metric of the D-dimensional space- 
time as 



ds 2 = A 2 [cos(0-0„)] 
2(D-1) 



2/{D-2) 



q^Wdx^dx" 



4A+ (n- l)/ 2 
where 9 and 9o are defined by 



d9 2 +w m „(Z)dz m dz ri 



,(18) 



= b \ 



'4A+ (n- l)f 2 
2(£>-l) 



% = ~h 



/4A + (n- l)f 2 
2(2? -1) 



(19) 

This metric is of cohomogeneity one with foliations of 
two Einstein spaces in D dimensions (for other examples 
of cohomogeneity one metric, see e.g., (27l - [38j V 

Since the Krctschmann invariant of the metric (|17[) is 
given by 



p nABCD 

+(D - n - 1){D - n- 3) + 



[cos (9 - 6» )] D - 2 [n(n - 2) 
2(Z>-2) 



cos 



(S-9q) 



there are curvature singularities at 



(n is integer) . 



(20) 



(21) 



It is impossible to extend the spacetime across such a 
point and we should restrict 9 to be for one period 0q — 
tt/2<9< 9 +tt/2. 



We can construct very similar solutions by considering 
only the 0-form pj = 0. Then the Z?-dimensional action 
in the Einstein frame includes the parameter of the 0- 
form field strength m, which is the dual to the £>-form 
field strength Fm) m the string frame. This is the equiv- 
alent to the contribution of the cosmological constant. If 
we set the coupling constant to the 0-form field strength 
Q(o) = a, and use the ansatz for the metric ([3]) and for 
the scalar field (|4a[) with (p~0|) . we can obtain the de Sitter 
solutions which have very similar metric form to (p2 



In summary, we have presented exact solutions of the 
external n-dimensional de Sitter spacetime with the com- 
pactifications on the (D — ?i)-dimensional compact Ein- 
stein space under certain conditions in the D-dimensional 
gravitational theory coupled to the dilaton, n- and (D — 
n)-form field strengths and a cosmological constant ((T|). 
We also commented in the theory with the 0-form field 
strength. The metric structure requires that warp factor 
is expressed as the form e A ^ , where A(y) is a function on 
the internal space. We could find the de Sitter compact- 
ification if the matter fields with background parameters 
satisfy the equations (|T2"j) . The n-dimensional spacetime 
becomes de Sitter while the internal space has a finite 
volume. Then, it is possible to find a de Sitter compact- 
ification with a negative cosmological constant. 

This work is still at the starting point for the research 
in this direction. There are problems which should be 
resolved. In our analysis, we could not find de Sitter 
solutions in the ten- or eleven-dimensional supcrgravity 
because the scalar coupling constants arc different from 
those in it. If we choose the couplings in the supcrgrav- 
ity, we only obtain the negatively curved n-dimensional 
spacetime and hence AdS spacetime. There were several 
trials to find the de Sitter solution in the supergravity 
theory in terms of the dynamical p-brane solutions. How- 
ever, it was impossible to find the de Sitter solution in the 
ten- or eleven-dimensional supergravity theory (39j - l5^ | if 
we assume the scalar coupling constants in supergravity 

mm. 

We also assumed the simple internal space as an exam- 
ple as S^S 13- " -1 . However, for instance, if the internal 
space is assumed to be T 2 xT D ~"" 2 , the n-dimensional 
spacetime should be fiat or a negative curvature space- 
time. Hence, it is not so easy to find de Sitter com- 
pactification in the Calabi-Yau internal space. Among 
more recent developments, de Sitter solutions in string 
theory have been found to have a connection to the four- 
dimensional inflationary scenario with extended super- 
symmetry and have emerged as an important component 
of the internal spaces with enough symmetries of de Sitter 
compactification. In our analysis, we have focused on the 
availability of solutions for a given ansatz, and will leave 
the issues of the stabilization and the cure of curvature 
singularities for future studies. The next step of our work 
will be to develop a framework to understand string com- 
pactifications in which one varies the matter fields, the 
boundary conditions or other details. The issues on the 
stabilization and the cure of curvature singularities are 
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also very crucial for a realistic model of the dark energy. 
All of them should be clarified in our future studies. 
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